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G. Chartrand et al. showed in [l] that for odd m, m 2 3, the edges of Km,m can be labeled 
with 1,2,3,4 in such a way that the (weighted) degrees of the vertices are all different. They 
conjectured that no such IabeIing exists with labels 1,2,3. In this note we prove this 
conjecture. 
The irregularity strength s(G) of a graph of 6 was introduced in [1] as the 
minimum integer t for which the edges of G can be weighted with 1,2, . . . , t in 
such a way that the weighted degrees of G are distinct numbers. The value of 
s(G) has been determined for several graphs in [ 1] and [2]. 
For complete bipartite graphs Km,m it was proved that s(&,) = 3 for even m 
(see in [I]) and in [2] s(&& was determined for all pairs m, n except for the case 
when r~ = II = 2k + 1. Concerning this case, it was shown in [l] that s(K,,,) s 4 
for odd m (m 3 3) and it was conjectured that s(K,,,) = 4. It was noted in [2] 
that the conjecture caa be formulated as follows: if m is odd and A is an m x m 
matrix with entries - 1, 0, + 1, then the row and column sums of A cannot be all 
different. The purpose of this note is to prove this conjecture. 
Theorem. Let m be an odd positive integer. If the edges of K,,,m ure weighted with 
1,2,3 then there exist two ~rtices with the same (weighted) degree. 
Proof. Assume that for some weight-assignment (with weights 1,2,3) all degrees 
of Km,* are different. Subtracting 1from all edge weights we get a bipartite graph 
G = (A, B), IAl = II?1 = m with the edge weights 1 and 2 such that all (weighted) 
degrees of G are different. Since the possible degrees of vertices of 16 are 
0,3,2, . . . ? 2m and all the degrees are different, the degree set of G can be 
written as (0, 1,2, . . . ,2nr) - {i} for some i, 0 s i s 2m. It is obvious that i must 
be odd otherwise 6 would contain an odd number of vertices of odd degree. 
Let & denote the set of vertices with the smallest m degrees and set 
L = If(G) - S, i.e. L is the set of vertices with the largest m degrees. 
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Denote by W(S, L) the sum of weights aver the subset of edges of G with one 
endpoint in S and the other endpoint in L. Set AL = A n L, BI = h’ CI L, a = 
IALl, 6 = I&I. The degree of x EA= in L I, UL. lC m.i) qost 25 and the degree of x E BL in 
L is at rnc;st a. TbCiCfOE 
!W(S, L)la c (d(x) - 26) + c (d(x) -2a) = c d(x) - 4ab. 
XEAL XQBL xeL 
(Here and in what follows d(x) denotes the weighted egree of x.) Since 
a+b=m and m is odd, the maximum value for ab is $(m-l)*i(m+l). 
Therefore 
IW(S, L)I 3 c d(x) - (m2 - 1). 
XEL 
(1) 
We consider two cases. 
Casel. isrn. SincethedegreesoftheverticesofLarem+l,m+2,...,2m, 
(1) gives 
(3m + 1)m 
iW(S,L)Ia 2 -(m2-1)= 
m2+m+2 
2 . (2) 
On the other hand, the degrees of the vertices of S are (0, 1,2,. . . , m) - {i} 
so their SUED ismaximum for i = 1. Therefore 
contradicting (2). 
Ccrse2.i~m+2.ThedegreesetofLis{m,m+1,...,2m}-(i:jsothatthe 
minimum sum of e&e degrees of vertices in L occurs for i = 2m - 1. Using (1) we 
have 
m2-m+4 
IW(S, L)Iam+(m+1)+==*+(2m-2).t2m-(m2-l)= 2 . (3) 
0n the other hand, the degree set of S is (0, 1,2, . . . , m - 1). Therefore 
IW(S, L)IGO+1+2,. ..,m-I= 
mp 
contradicting (3). 0 
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